JOURNAL OF SPACECRAFT AND ROCKETS
Vol. 34, No. 3, May-June 1997

Solid Rocket Motor Exhaust Model
for Alumina Particles in the Stratosphere

Edward J. Beiting*
The Aerospace Corporation, El Segundo, California 90245

Based on available and new data, a unified model is presented for the particle size distribution, particle density,
and geometrical dispersion for the alumina particles in the exhaust of solid rocket motor plumesin the stratosphere.
The particle size distribution is trimodal with Sauter mean diameters of 0.056, 1.0, and 3.6 psm. Nearly all of the
particles lie within the small-size mode but nearly all of the mass lies in the large-size mode. Approximately two-
thirds of the particle surface area available for heterogeneous chemical reactions is due to the large particle mode
while most of the remaining surface area is due to the small particle mode. The early horizontal dispersion rate
of the plume is found to be about an order of magnitude greater than the dispersion rates used in several recent

models of stratospheric ozone-plume chemistry.

Nomenclature

A, = cross-sectional area of plume, m?

a = geometrical cross-sectionalarea of particle, cm?

Qyot = total surface area of all particles per unit volume of air,
um?cm™?

b = diffusivity scale parameter, m s~

C, = mass of particle per volume of air, gcm™>

D = particle diameter, um

Ds, = Sauter mean diameter of particle, um

K, = horizontal diffusion coefficient, m? s~!

K., = vertical diffusion coefficient, m* s~!

L = path length through plume, m

M, = total mass of alumina exhausted from solid rocket
motor per vehicle track length, g m~!

n(t) = particle number density, cm~>

ng = initial particle number density, cm™3

p(z) = atmospheric pressure, mbar

R; = initial plume radius, m

r = radial coordinate in plume, m

%4 = volume of particle, um?

Viot = total volume of particle per unit mass of air, um? cm~3

b4 = altitude coordinate, m

y = particle mode parameter, um~!

o(D) = mass density of alumina particle, gcm™>

Introduction

HE environmentaleffects of solid rocket motor (SRM ) exhaust

on the atmosphere have been the topic of much recentinterest.
Thereis generalagreementthat the atmosphericeffects of exhaustof
large SRMs (Titan, Shuttle, Ariane) at currentand projected launch
rates' are small compared to total global anthropogenic impacts
(although comparable to some other industrial sources).>3 How-
ever, the local effects of SRM exhaust on the stratospheric ozone
layer are predicted to be significant. In particular, models predict
that after burning in the plume converts HCI to more active forms
of chlorine, which create a transient ozone hole.*~!* The size and
persistence of the reduced O3 concentrationsis a sensitive function
of the assumed chemistry, alumina (Al,O3) particle characteristics,
and especially the plume dispersionrate. Other than a brief mention
of depressed ozone levels of a plume fly-through, which indicated
a 40% decrease in ozone concentration about 15 min after vehicle
passage, no observational evidence exists of this effect.!* [Note: A
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programcalled Rocket Impact of StratosphericOzone (RISO) spon-
sored by the U.S. Air Force is currently collectingdatausing LIDAR
and aircraft penetrating SRM plumes in the stratosphere to study
this subject.] Consequently, the ability to verify experimentally the
predictions of these models has become a topic of considerable
discussion.!5-2!

Many of the proposed techniques for these verification measure-
ments are optical. The ability to interpret the data collected by these
instruments and even the projection of the feasibility of the tech-
niques themselves depend on an a priori knowledge of the char-
acteristics of the alumina particles in the plume. Additionally, the
particles may play a role in the chemical interaction of the plume
through heterogeneousreactions ?>~2* Understanding the effects of
the heterogeneouschemistryrequires knowledge of the total particle
area available as a reaction surface in addition to gas-particle ad-
sorption/desorption kinetics and the number density of the gaseous
chemical constituents of the plume.

This work attempts to address these needs by gathering the best
availabledataon SRM exhaustparticlesand plume dispersionin the
stratosphere. This informationis used to developa model of specific
particle density, that is, the particle number density as a function of
particle size, altitude, position in the plume, and time after vehicle
passage. The model is presented for a Titan IV vehicle but is easily
scaled to any of the large SRMs in use. Estimates of the reaction
surface area and other physical characteristicsof the plume then are
predicted based on this model. In a companion publication this
model is used to predict optical properties of an SRM plume in the
stratosphere.

Particle Characteristics of an SRM Plume

In this section, we identify the sources of SRM plume particle
data, review the characteristics of the particles in the plume, and
define a particle size distribution. Particle size measurements have
been made in the motors of subscale rockets, 2~ in the ground
clouds of a Titan?!""* and the Space Shuttle,*® in the upper tropo-
sphereplume of the STS,**36 in the stratosphericplume of a Titan,??
and in the plume of an Atlas.>! Particle density measurements were
made in the tropospheric plumes of the STS3**3¢ and the ground
cloud®’*? and stratospheric plume’? of a Titan. Particle morphol-
ogy was studied in the ground clouds of a Titan® and the STS, in
the stratosphericplumes of a Titan,*? and the troposphericplumes of
the STS.33:33-37 Chemical composition was studied of the particles
collected in stratospheric plumes of a Titan*? and the tropospheric
plumes of the STS,*” as well as from plumes of other small rockets
(PAM D-II, TUS, Peacekeeper Stage 11).%® Studies of the environ-
mental effects of particles from STS plumes in the troposphere®®
and stratosphere®“’ have also been made. Some relevant results
from these works are as follows.

1) The particle size distribution extends from below 0.03 pm to
approximately 10 ums and may be trimodal in the stratosphere in
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Fig. 1 Fits to stratospheric Titan IIT plume data of Strand et al.>?

this size range for large rockets. > At stratosphericaltitudes, parti-
cle sizeincreaseswith time (during the first few minutes after vehicle
passage) for particles with diameters between 0.3 and 1.33 pm due
to condensationof vaporsor agglomeration 3? Particle size decreases
with increasing rocket motor size.28

2) The particles are spherical in shape and have a composition of
Al,05 with trace amounts of other elements (K, Na, Ti, Fe, Si) and
small surface contamination of HC1.33=373 The density of the
particles varied between 1.5 and 3.5 gcm™3, with larger particles
tendingto have lower densities (presumablybecausethey are hollow
or porous).3>3°

3) Most of the Al,O; is cubic gamma phase, and the ratio of
gamma to hexagonalalpha phase is about four.3® The small particles
tend to be in the gamma phase."!

4) In the tropospherebetween 3 and 7 km, the particle size distri-
butionis independentof altitude for particles with diameters greater
than 1 pum (Ref. 36).

5) Initially the particle size distribution is a function of radial
position in the plume. The smallest particles are uniformly dis-
tributed, but the larger particles are confined to the plume center.?’
Nozzle/plume flowfield codes predictthat particleslargerthan 1 um
are concentrated along the plume centerline, and particles as small
as 1 um cannotfollow the flow along the diverging nozzle wall 4243

Thereis only one reportofin-situobservationsof particlesize dis-
tributionand density of large SRMs (Titan IIIs) in the stratosphere.*
These measurements were restricted to particle diameters below
2 um and were taken using two different types of instruments (oil
wire impactor and sticky tape). Both instruments measured iden-
tical distributions. The sticky tape measurements are plotted in
Fig. 1, where we fit them to exponential functions. The distribution
is clearly bimodal, and we calculate Sauter mean diameters of 0.056
and 1.0 um and slopes of 63.6 and 3.13, respectively. The Sauter
mean diameter is the volume-weighted-to-areaweighted mean di-
ameter that is useful for characterizing the optical properties of
particles. The fits shown in Fig. 1 are to the most complete data sets
given in Ref. 32 (Ref. 32, Fig. 13, ¢t = 13 min). A less complete
data set also given in this reference (Ref. 32, Fig. 12, = 7 min)
has a smaller exponent and puts a somewhat greater fraction of the
surface area in the small particle mode.

Because there are no measurements of the particle size distribu-
tions of SRMs in the stratospherefor particles with diameters greater
than 2 um, we will infer the large particle distribution from ambi-
ent stratospheric particle measurements and the tropospheric STS
plume particle measurements. A comprehensive analysis of ambi-
ent stratosphericparticle data taken during the period of 1976-1984
was made by Zolensky et al.** All of these data were collected be-
tween an altitude of 17 and 19 km with NASA WB-57F and U2-C
aircraftusingretractablesolid inertialimpaction collectors. All sam-
ples were analyzed for morphology,size, and chemical composition.
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Fig. 2 Fits to ambient stratospheric particle data of Zolensky et al.*
and tropospheric STS plume particle data of Cofer et al.3¢

Approximately an order of magnitude increase in total large solid
particlenumber density and a factor 20 increase of Al (particlescon-
taining aluminum and alumina componentsonly) and Al’ (primarily
aluminum with lesser amounts of other elements) particle number
density of the stratosphereoccurredduring the study period. This in-
crease is attributed to SRM exhaust and rocket and satellite debris.
The main source of the Al and Al particles is rocket motor ex-
haust and ablating spacecraft. About half the 1984 Al particles are
spherical and these spherical particles are attributed solely to SRM
exhaust. If we assume that the spherical particle size distribution of
the Al particlesis not grossly different from that of the nonspherical
Al distribution, then the particle size distribution of the 1984 data
of Ref. 44 can be used to calculate estimated mean diameter of the
large particles in the SRM plume. These data, plotted and fit to an
exponentialin Fig. 2, show a Sauter mean diameterequalto 4.1 um
and slope 0.73. The large-particle-sizedistributions of Space Shut-
tle plumes were measured in the troposphere at altitudes of 3 and
7 km and appeared to be independentof altitude.>® The distribution
measured at 3 km is also plotted and fit to an exponentialin Fig. 2.
It is clearly monomodal and has a Sauter mean diameter of 3.2 um
and slope of 0.86.

Because the ambient distribution plotted in Fig. 2 is due primarily
to large SRM exhaust, and the tropospheric plume measurements
did not change with altitude up to 7 km, one could argue that the
stratospheric large-particle distribution has a mean diameter and
slope between those shown in Fig. 2. Accordingly, we assume that
the large-particledistributionhas a Sauter mean diameter of 3.6 um
and a slope of 0.8. Note that this slope is more than twice the slope
of the intermediate distribution given in Fig. 1, indicatinga trimodal
particle distribution for large SRMs in the stratosphere.

Stratospheric Plume Diameters and Expansion Rate
Plume Dispersion Data

A vital parameterrequired for the understandingof a SRM strato-
pheric plume is its dispersionrate. A rapidly expanding plume will
quickly lower the particle densities (and chemical concentrations),
making real-time detection difficult. Unfortunately, there is only
one previous measurement of stratospheric SRM plume expansion.
To increase the database, we infer plume size and expansion rate
from the U-2 flythrough data of Strand et al.3? and extract plume
expansion rates from recently acquired videotapes of a Space Shut-
tle (STS) launch. All of these data measure expansion only during
the first 10 min or so after vehicle passage, and the rates measured
are an order of magnitude higher than those generally attributable
to large-scale eddie diffusion. In this section, we review these data,
review recent plume dispersion models, and compare the data to the
models.

A search of the literature found only one observation of SRM
plume expansion in the stratosphere. Hoshizaki*’ reported observa-
tions of the first few minutes of plume growth of an Oct. 4, 1974,
launch from Vandenberg Air Force Base. Measurements were made
from photographs of a large solid rocket booster (presumably a
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Table1 Plume-particle characteristics from model

Average

particle

density,
Pavg g/ Cm3

Sauter mean
diameter
D3y, pm

Particle
mode

in particle
model

Mass fraction

Number

density:
peak

value, cm™?

C,, mass per

volume air:

peak value,
g/em?

Total particle area
per volume air:
peak value,
y,mz/cm3

Small 0.056 4.0
Medium 1.0 3.6
Large 3.6 2.6

0.012
0.015
0.974

8.8 x 103 53
7.94 6.7
6.16 125

2.0 x 10712
24 x 10712
1.6 x 10710

Titan IIT) by Lockheed, under Contract to NASA Ames Research
Center, using cameras located at four ground sites surrounding the
launch pad. The photographs, taken of the plume for approximately
10 min, measure plume expansion between altitudes of 18 and 19
km. The data show a linear expansion rate of about 0.3 km/min.

As already noted, Strand et al.*? obtained data on alumina particle
density and size distributionin the stratosphere from two Titan IlIc
launches (May 20, 1975, and June 8, 1975). Although their study
did not address plume dispersion, information contained in their
paper can be used to infer approximate early dispersion rates. On
each of these launches, a U-2 aircraft made two traversals of the
plume at times 7 + 7 and 7 + 13 min (May 20) and T + 6.5
and 7 + 13.5 min (June 5) at an altitude of 19 km. Measurements
of total particle number densities at these respective times yielded
values of 10° and 108 m~ (May 20) and 10'° and 10° m~* (June 6).
The authors state that 10'° m~3 is the theoretically predicted value
for the particle number density at early times. Thus, they find that
the particle density decreases by an order of magnitude for a factor
of two increase in plume expansion time. This rate of expansion is
consistent with a plume expanding in three dimensions at a linear
expansion rate or in two dimensions at an expansion rate of ¢3/2,
All data and most models show a linear expansion with time. All
models assume two-dimensional expansion. As discussed in the
Appendix, the individual density measurements of Strand et al.*?
varied between 60 and 100% of their true value depending on the
ratio of the sample bag fill time to vehicle transit time through the
plume. Within this accuracyrange, these measurementare consistent
with the other data and models.

An estimate of the cross-sectionalarea of the plume (and, hence,
the diameter) can be obtained by dividing the mass flow rate of the
Titan ITIc vehicle (16 g/cm of vehicle track at an altitude of 19 km)
by the average mass density. The average mass density is given in
Table 1 and was calculated from Eq. (14) to follow using the particle
size distributionfrom Figs. 1 and 2, a density model for the alumina
particles given by Eq. (15), an average value of the 10'° m~3 for the
particle density at 600 s, and an exponential profile for the spatial
distributionof the particlesas will be explained. Averagingthe mass
over an area given by a radius defined by the distance required for
the particle density to fall to e~2 of its peak value yields a diameter
of 5 km. Using an averaging distance set by an e~! density falloff
yields a diameter closer to 4 km.

Additional information presented in Ref. 32 allows another es-
timate of the plume diameter to be made. The work notes that the
time required to fly through the plume was between 5 and 10 s. This
corresponds to a distance of 1-2 km because the speed of the U-2
is 200 m/s. Interpretating these distances as the plume diameters
is complicated by several factors: the horizontally flying aircraft
traversing a nonvertical plume will measure a distance greater than
the diameter, traversing a cord will measure a distance smaller than
the diameter, and the criterion for the detection of the edge of the
plume is unidentified. Nevertheless, making this association yields
an approximate plume diameter of 1.5 km. In summary, data from
the U-2 flythroughs of a Titan III plume at an altitude of 19 km
indicate a plume diameter between 1.5 and 5 km approximately 10
min after vehicle passage and are consistent with a two-dimensional
linear (in time) expansion.

A recent video taken of a Titan IV launch (K-10, Feb. 7, 1994)
presented the opportunity of estimating early plume diameters and
expansionrates. This flight was launched from launch complex 41
(LC-41) from Kennedy Space Center and was observed from uni-
versal camera site 2 (UCS2), a distance of 7.6 km from LC-41. An
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Fig. 3 Estimated plume diameter at an altitude of 30 km from the K-
10 launch of a Titan IV; precision of the measurement of each estimated
diameteris *10%.

infrared and a visible camera tracked the flight to 30 km (7 + 96 s)
and then held position to observe the plume. Additional details on
the design of the infrared experiment are available.!® The visible
camera was used to estimate the diameter of the plume at an altitude
of 30 km, and the analysisofits datais reportedhere. At T +96s, the
surface distance from UCS?2 to the rocket was 33.8 km, resultingina
45.2 km range for the 30 km altitude. Thus, at this distance the rect-
angularfield of view of the visible camera (0.14 rad horizontal,0.11
rad vertical) was 6.6 km horizontaland 5.0 km vertical. The horizon-
tal viewing angle was 11.6 deg off of alignment with the trajectory.

The diameter of the plume was estimated by marking the 30-km
altitude positionon the video screen and observing the expansionof
the plume in a direction normal to the centerline of the plume. The
plume was observed to expand symmetrically around its centerline.
After 4 min, the lower edge of the plume expanded off the bottom
of the screen, and diameters were subsequently measured from the
center of the expansion to the upper edge of the plume and doubled
to obtain the diameter. Even though the day was clear, the plume
was sufficiently dispersed to make it difficult to discern its edge
after about 10 min. The estimated diameters are shown in Fig. 3.
The diameter of the plume increases linearly with time at rate of
approximately 0.6 km/min. The most relevantmeasurement of local
wind conditions was at 6 a.m. local time, whereas the launch was in
the late afternoon. At 6 a.m., the wind speed was 5.9 m/s from 182
deg at an altitude of 28 km.

Plume Dispersion Models

Three models of plume dispersion are reviewed. The first, by
Watson et al.,* is believed to be accurate for times longer than a
few hours after launch (>1 day). The second is the model® based on
the data of Hoshizaki*’ and is thus verified for short times (10 min).
The third model is by Ross'! and is designed for times intermediate
to these periods.

Watson et al.* made a study of Space Shuttle plume dispersion
characteristicsof F, and N,Oy in the stratosphere and mesosphere.
Above an altitude of 100 km, plume dispersal is dominated by
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molecular diffusion. Below this altitude, dispersion is produced by
both small- and large-scaleeddies thatcan be parameterizedin terms
of an overall eddy transport coefficient. Using a theoretical model
(based on an admittedly limited database) previously developed,”
Watson et al.*® obtained a time scaling of the horizontal diffusion
coefficient K, based on the model results at 100 km. At times less
than 10° s, they state that this model may underestimate the horizon-
tal plume dispersal rate due to an incorrect time evolution of K.
The vertical dispersal (the main emphasis of Ref. 46) is two to
three orders of magnitude less than this horizontal dispersal rate so
that the expansionproceeds primarily in two dimensions. Watson et
al.*® used this model to calculate the plume width and densities at
an altitude of 40 km at times of O s, 1 h, 5.6 h, 1 day, 10 days, and 1
month. Because of uncertaintiesof K, they state that the calcula-
tions of plume volumes are only accurate to an order of magnitude.
Their results indicate an initial expansion rate (0-1 h) of 1.4 km/h
(0.023 km/min) and at longer times a nearly linear expansion rate
of 5.2 km/h. Brady and Martin’ used these values to scale temporal
dependence of the chemical concentrationsin the plume and found
a time dependence (with # in seconds) of the concentrationgiven by

g
14+[(2 x 1073)r]2¢

n(t) = M

where the initial value of ny was scaled with local atmospheric pres-
sure.

In their chemical model calculatinglocal ozone depletionby solid
rocket plumes, Denison et al.® modeled the diffusion of the plume
by solving the conservation equation in cylindrical coordinates,

on 10 on
— =K, V’n=—-—rK, —
ot w Vo rarr " or

2)

where 7 is the number density, r is the radial coordinate, 7 is time,
and K, is the horizontal diffusion coefficient. Using the plume size
measurements of Hoshizaki*® taken at an altitude of 18 km, they
found the diffusivity to be scale dependent, where

K, =br (3)

and b = 1.75 m s~!. Under this assumption, the solution of Eq. (2)
for a line source is

n(r,t) = At=2exp(—r/bt) “)
where A is a normalization constant. We write this solution as
n(r, 1) = ny(to/t)*exp{—(1/b)[(r/1) = (ro/1)]} ()

where ny is the particle number density at ry and #,. If ry = 0, then
ng is the peak (centerline) number density. Using the relation

n[R(1), 1] — o2 ©)
n[R;, 1]

to define the radius of the plume, we find that the time dependence
of the plume radius is

R(t) = R; + 2bt @)

where R; is the initial radius. Assuming R; = 5 m, the plume
diameters at 1 and 10 min are 430 m and 4.2 km, respectively. This
diffusion model was also employed by Kruger® and by Brady and
Martin’ to calculate the local stratospheric ozone depletion by a
solid rocket in their chemical kinetics models.

More recently, Ross!! completed a model of a Titan IV SRM
plume in the atmosphere that included a limited chemical reaction
set and fluid dynamic mixing in the stratosphere for up to 8 h af-
ter launch. The model assumes cylindrical symmetry in a series of
1-km-thick layers and builds a three-dimensional model by permit-
ting the layers to move independently according to their altitude-
dependent zonal (E-W) and meridional (N-S) wind speeds. This
model also parameterizes the transport in terms of an eddy diffu-
sion coefficient using a time-dependent value of K, m?s™') =
0.01¢ (s)', a value assumed to be independent of altitude. This

Table 2 Plume diameters calculated

from Ref. 11
Alt, km T+125h T+425h
20 2.8 12
30 2.4 10
40 4.0 —_—

work presents Al,O; number densitiesat 7 + 1.25h and T + 4.25
h for altitudes of 20, 30, and 40 km. Defining a radius at the 1/¢’
density, the diameters inferred from the density plots of this model
are given in Table 2. These values indicate an expansion rate of
about 3 km/h.

Expansion Rate Data: Model Comparison

It is useful to compare the data of the early plume expansion
with the dispersion models being employed by the plume chem-
istry models. Because the data were taken at differentaltitudes, this
comparison requires some understanding of the altitude scaling of
the small-scale eddy diffusion coefficient. Unfortunately, there are
no studies of the scaling of this parameter with altitude. The large-
scale atmospheric eddy diffusion coefficient, however, has received
considerable study for the purposes of global atmospheric model-
ing. The scaling of the large vertical eddy diffusion coefficient K,
with altitude between 18 and 40 km varies from being constant
to increases of a factor of 25 (varying approximately with inverse
atmospheric pressure) depending on the model. #6484 Plots of the
variation of large-scale K, as a function of altitude and latitude are
given in Ref. 46, which were taken from Ref. 48. At a latitude of
30 deg, there is little variation of this parameter in the 20-40 km
altituderange. Based on the data presented by Hoshizaki,* Denison
et al.5 found that the small-scale values of K, at 10 min are two
to three orders of magnitude smaller than those of the large-scale
values. If the early linear growth rate continues unabated, 1-2 days
are required before the values of the small-scalediffusivityreach the
large-scale values. Therefore, the applicability of these large-scale
altitude variationsof K, and K, to the small scale values of K, is
highly questionable, and the small-scale altitude variation must be
considered unknown at this time.

Tropospheric measurements of the small-scale K, values at al-
titudes between 2 and 4 km of a nuclear debris cloud give values
similarto (= 1000 m?/s) the stratospheric values noted here >° Given
the large differences between the troposphere and the stratosphere,
this must be taken as evidence that the altitude variation of small-
scale K,, is not large. A very conservative approach to altitude
scaling is to consider the initial value of the plume diameter to be
a function of the local atmospheric pressure. This pressure, which
can be approximated by p(z) = 1222exp(—0.155z) mbar (z in
kilometers) decreases from 55 mbar at 20 km to 2.5 mbar at 40
km. Zitte®* finds that the afterburning exhausting gases cool and
expand to near-ambientconditions within a few seconds of entering
in the stratosphere. He also finds that the diameter of the plume
is approximately 50 m at an altitude of 20 km in these first few
seconds. Because the ambient temperature is constant within 15%
throughout the stratosphere, one expects that this initial plume di-
ameter will scale as p(z)~'/?, creating an initial diameter of about
80 m at an altitude of 20 km and 300 m at 30 km. Then, following
Egs. (3) and (7),

K,,(2) = b[R;(z) + 2bt] ®)
where
Ri(z) = [" (Z“} Rio ©)
(@)

where R, is the initial reference radius of the Titan plume at the
nozzleexitplane (25 m atan altitudeof 20 km). This scalingaffects
the plume diameters only at the earliest times and is negligibleat all
measurement times.

Table 3 compares the measured and model values. Also included
in Table 3 is the estimated diameter of the Titan III plume about 12
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Table 3 Diffusion data-model comparison

Data Diffusion models
Strand Titan IV ‘Watson Denison
Characteristic Titan 1114 Hoshizaki* et al.32 K-10 et al.*¢ et al. Ross!!
Altitude, km 18 18 19 30 alt. indep. alt. indep. 20 30 40
D, km, at 10 min 3.0 3.0 1.5-5 6.0 0.23 4.2 0.5 0.4 0.67
Expansion rate, km/h 18 9-30 36 1.4 25 2.9 2.4 4.0
Chemistry model Ref. 2 Ref. 7 Refs. 2, Ref. 8
using diffusion model 4,7

min after vehicle passage mentionedin Ref. 14. Given the large vari-
ability of climate that can affect plume expansion rates, the agree-
ment among the observed values must be considered remarkable.
The models show considerably less agreement among their values.
The Watson et al.*> model predicts the smallest value for the 10-
min diameter. This disagreementis not surprising inasmuch as the
model was designed for long times, and the authors speculate that
their model may underpredictthe initial diameters. The predictions
of the Ross'' model are a factor of two greater than the Watson
et al.* model but are still an order of magnitude below the predic-
tions of the model of Ref. 6. The model of Denison et al.® most
closely reproduces the observed diameters, which is not surpris-
ing given that its diffusion coefficient is based on the Hoshizaki*’
data.

Table 3 also indicates the diffusion models used as inputs to the
models of stratospheric plume chemistry. Chemical models using
the diffusion model of Ref. 46 will predict chemical concentrations
that are too large at early times. The dispersion at long times is
best approximated by this model, after the eddy diffusion lengths
have reached meteorological scales of hundreds of kilometers. It
may require a day or more for the diffusion to reach this size. The
model of Denison et al.® should be the most accurate at short times
and will result in chemical concentrations that are less than those
predicted by Refs. 7 and 11. Because several of the chemical re-
action rates depend quadratically on chemical concentration, the
chemistry will depend quite severely on this initial expansion rate.
Indeed, this dependence has been modeled by Ref. 7, showing that
the size and persistence of the ozone hole depend on the dispersion
rate, peaking for the rate chosen for their work. Accordingly, the
size and persistence of the predictedlocal ozone depletion by all of
the plume chemistry models depend critically on the initial plume
dispersionrate. Because all instrumentsunder considerationfor ver-
ifying ozone chemistry models of the plume are designed to operate
in the first several hours, they should use models that employ the
early plume dispersionrates.

Model for the Specific Particle Density

Based on this discussion, we present a model for the specific
density of particles (number/air volume/particle diameter) for an
SRM plume as a function of position and time. In this model, we
assume that the particle density is a smoothly varying, cylindrically
symmetric function. This is obviously an oversimplification as any
visual observation of the expanding plume will show. Nevertheless,
for the purposes of line-of-sightobservations through the plume and
measurements or calculations time averaged over a time interval,
this convenient approximation is useful. The radial and temporal
dependence is taken from the solution of the conservation equation
for a line source and a scale-dependentdiffusivity. The functional
dependence on the particle diameter is assumed to be exponential
following the analysis of the experimental data presented in Figs. 1
and 2. Then for a single-mode particle-size distribution, we write

np(D,r,z,t) = W
i1 : —r
= nDo<z>(7°> exp[ b(z)t}exp[—wz)m (10)

where D is the particle diameter and the time dependence of nor-
malization parameter n((z) is factored outto give n¢(z) the intuitive

dimensions of specific density. In general, the parameters ny(z),
b(z), and y (z) are altitude dependent. Certainly, the initial value
of the plume diameter, and hence its particle density, is a function
of the local atmospheric pressure. As noted, this initial diameter
is small. The line-source solution of the conservation equation as-
sumes a negligibleinitial plume diameter. Because these diameters
are small compared to the observed plume diameters after a minute
or two of expansion, this solution is a good approximation after a
few minutes, and this altitude dependence will be ignored. Also as
discussed, the altitude variation of b(z) is unknown but the lim-
ited data available suggest that its dependence on altitude is small.
Accordingly, we will consider this parameter to be independent of
altitude. Finally, available evidence suggests that the particle size
mode parameter y is independentof altitude 3

The particlesize distributionis assumedto be trimodal. The small-
and medium-size distributions are given by those shown by the fits
in Fig. 1. The large particle distributionis given by the intermediate
fit values inferred from the curves in Fig. 2, constrained to give the
same density valueat 1 m as that of the medium-diameterparticles
in Fig. 1. Generalizing Eq. (10) to an expression for trimodal dis-
tribution is done by a straightforward summation of the (assumed)
independentnumber densities of each distribution. Each mode has a
differentinitial spatial distribution. The small particles (< 0.25 m)
readily follow propellant gas through the rocket nozzle and thus are
evenly distributedacross the diameter of the plume. Particles greater
than 1 um in diameter do not follow the flow and are confined to
the central core of the plume. Given the turbulent mixing that takes
place in an afterburning plume, it is unrealistic to assume that par-
ticle size radial segregation has any physical meaning in a realistic
plume. Thus, we considerthe particlesize modes are spatially mixed
and assume that the expansion rates of each of the three modes are
equal.

We define the region for averaging the particle density over the
assumed exponential spatial distribution to be the radius where the
number density falls to e=? of its peak value. This averagingis used
to obtain the peak particle number densities for the three modes.
The normalization procedure is discussed in the Appendix, and it
yields

2 3
np(D,r,t) = (%") exp( —%) Zni exp(—y; D) (11)

i=1

where
n; = 8.3 x 107 v = 63.3
> = 1.8 x 108 v =3.13
ny =33 x 107 y; = 0.80

and the n; are m3um™! and the y; are um~'. The normalization
n yi are

time is #, = 344 s, and the summation is over the three particle size
modes. This model predicts particle size distribution and density
of plumes of a Titan IV vehicle in the 18-40 km range during its
early expansion. The model can be used for other SRMs by scaling
the mass exhaust rate and the vehicle velocity to those of the Titan
IV. For example, the STS (Shuttle) and the Titan IIT have similar
velocity profiles. Thus, one only has to multiply the right-hand side
of Eq. (11) by the ratio of the mass flow rates (0.87 for the Titan
IIT and 1.66 for the STS) to obtain the particle density for these
vehicles.
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Predicted Physical Characteristics of SRM Exhaust Based on Model

The physical properties of the plume due to the particles can be
readily calculatedusingthe particle model. The total number density
n(r, t), the total area of all particles per volume of air a,, and the
mass per volume of air C,, are given, respectively,by

n(r,t)=/ np(D,r, t)dD (12)

0

alot(r,t)=/ np(D,r,t)A(D)dD (13)
0

Cm(r,t)z/nD(D,r,t)p(D)V(D)dD (14)

wherenp (D, r, t)is givenby Eq. (11). The surfacearea of a particle,
A(D) = m D?, and the volume of a particle,V (D) = 7 D?/6, are
assumed to be time independent.As noted, the particle density varies
with particle size. For this, we choose a model of density that varies
exponentially with particle diameter, namely,

p(D) =1.65+2.4 x 107%1%? (15)

with D in micrometers and p in grams per cubic centimeter. This
functionyieldsadensity of 1.7 g/cm? at a particlediameterof 10 xm,
4.0 g/cm® at 0.01 um, and reasonable intermediate values.

Equations (12-14) can be evaluated separately for each of the
three modes. Caution must be exercised when calculating size prop-
erties (diameter, surface area, volume, mass, etc.) using exponential
particle size distributions. Physical distributions are not exponential
on the low and high ends of the size parameter. Mugele and Evens®!
show thatfitting exponentialfunctionsto size histograms can predict
erroneous size properties if the distributions are not properly trun-
cated. They introduce an upper-limit distribution function (ULDF)
that limits the largest particle size to a specified finite diameter. The
ULDEF is written in terms of two additional parameters that do not
lend themselves to direct geometrical interpretations (see, for ex-
ample, Ref. 52). There are only four data points in each of the two
modes in Fig. 1, and fitting a three-parameter ULDF to these few
points does not yield well-defined parameters. Accordingly, it was
decided to retain the exponential fits shown in Figs. 1 and 2 and
set the limits of integration to the values of the smallest and largest
diameters measured.

Peak values (r = 0) for these quantities at = 600 s are shown
in Table 1. The peak values can be converted to values spatially
averaged over a diameter defined by the distance required for the
number density to drop to e=2 of its peak value by multiplying the
peak value by 0.43 (see the Appendix). Decreasing the lower limit of
integrationto zeroin the small mode increasesthe area percentagein
this mode by about 5%. Increasing the large mode integration limit
to 100 um increases the large mode area percentage by about 1%.

Examination of Table 1 shows that nearly all of the mass is in the
large particles but the small particle number density is much greater
than the number density of large particles, as expected. The total
surfacearea availablefor the heterogeneousreactionsresides mostly
in the large particles even though the small particles offer much
greater surface area on a per mass basis. Because both the small-
and large-mode particles contribute comparable surface areas, this
area should be measured for both modes. The large-particle surface
area is more amenable to measurement by transmission techniques
because it has a large attenuation coefficient.?>

Summary and Conclusions

This work presents a unified model for the particle size distri-
bution, particle density, and geometrical dispersion for the alumina
particles in the exhaust of an SRM plume in the stratosphere. Al-
though the model is based on the best available measurements, there
are serious gaps in the database, especially in the dispersion rates
of the plume after the first 10 min. The particle size distribution is
trimodal with nearly all of the particles in the small-size mode but
with nearly all the mass in the large-size mode. About two-thirds
of the particle surface area available for heterogeneous chemical

reactions is due to the large-particle mode whereas most of the re-
maining surface areais due to the small-particlemode. These results
are useful for designing instruments required to measure the chem-
ical and physical properties of the SRM plume and predicting the
effect of particles from the plume on heterogeneous stratospheric
ozone chemistry.

Appendix: Normalization of the Particle
Density Distribution
The spatial and temporal development of the density is based on
the line solution of the conservationequation with a size-dependent
diffusion parameter. The functional form can be expressed in the
form given by Eq. (11). To normalize, the size distribution is first
converted to a density

Dmax
n(r,z,t) = / np(D,r,z,t)dD

'min

i\’ r 3 ri(t,2)
:(7> exp(b—tc>;ainiexp|:— bt i| (Al)

i

where coefficients g; are obtained from the integration over the
particle size distributions,

0.244
a, = / e "PdD =32x10"?
0.

.025

(A2)

0.99 10
a, = / e™2PdD =0.13 as = / e3P 4D =0.57
0. 1

245 .0

Then this spatial distributionis averaged and set equal to the average
density measured by Strand et al.32:

2 3y T F =
n(z,t) = (%) exp(;—;> Zn,- exp|:—ri(;f Z)i|a,- (A3)

i=1

= () en() Tna a0

=1

where n(z = 19km, t =344 s) = 1.14 x 10'® m~3 (converting
from a Titan IIc to a Titan IV density) and ¢ = 0.43 for an average
over a radius were the density drops to e~2 of its peak value. Finally,
setting z. = 19 km, t, = 344 s, r. = 2km, b = 1.75 m/s, and
noting n, /n, = 4.65 x 10* (from fits on Fig. 1) and n, /n3 = 10.3
(from requiring lower fit on Fig. 1 and median fit of Fig. 2 to have
the same value at D = 1 um), we find

n; =0.16

n, =3.5x107° ny=33x10"7  (A5)

Note that the absolute density of this model relies on the density
measurement of Strand et al.>? This measurement was made using
an electrical mobility analyzer (EMA). The EMAs were calibrated
against a standard at the factory and corrected for operation in the
low-pressureoperationin the instrumentbay of the ER-2. The EMAs
measured the densitiesin the range of 0.03—1 pm and give absolute
concentrations when the sampling time is shorter than the transit
time through the plume. To fill the EMA sample bag 3-8 s were
required, and to traverse the early contrail 5-10 s were required.
Thus, the EMA could underestimate the density by mixing air from
outside the plume into the same volume. Whether this was taken
into consideration by these workers* in the values reported is not
known, but the value of 10* cm™ is the highest value they reported,
and these authors stated that this value was consistent with predicted
values.
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